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A dimensionless go®erning equation was formulated for a cross-flow RO process in
which the local ®ariation of concentration polarization was rigorously considered. It was
shown in this formulation that the cross-flow RO process could be fully characterized
with a single dimensionless parameter. The coupling between permeate flux and concen-
tration polarization was properly sol®ed and a closed-form analytical solution was ob-
tained. This analytical solution enabled us to con®eniently in®estigate concentration
polarization in the RO process. The significance of local ®ariation of concentration
polarization was demonstrated, and the operations of RO under ®arious conditions were
simulated and in®estigated with the newly de®eloped model.

Introduction
Ž .The reverse osmosis RO membrane separation process is

becoming one important method for separation of solutes
from aqueous solutions. Applications of the RO process in-
clude desalination of brackish water and sea water, produc-
tion of ultra-pure water for various industries, treatment of
industrial wastes, purification of products in food, chemical,
and pharmaceutical industries, and removal of inorganic and

Žorganic pollutants from water and wastewater Weber, 1972;
.Bhattacharyya et al., 1990 . The RO process has shown re-

markable advantages over many conventional separation
Ž .processes Soltanieh and Gill, 1981 . For example, in one of

its major applications, the RO process converts sea water to
drinking water at a price of one-third of that for the thermal

Ž .distillation process Potts et al., 1981 . The continuous im-
provement in membrane manufacturing for higher water per-
meability and higher salt rejection at a lower price will lead
to wider applications of the process in new fields.

The permeate flux of the RO process is a major concern in
both system design and operation optimization. The perme-
ate flux in a RO process is initially controlled by the pro-
perties of membrane transport. This means that the initial
permeate flux of the RO process is determined by the mem-

Ž .brane permeability or resistance to water. As filtration pro-
ceeds, solute rejected by the membrane forms a layer of high
concentration near the membrane surface. This phenomenon
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is called concentration polarization. The formation and de-
velopment of the concentration polarization layer in the RO
process will reduce the effective driving force for water filtra-
tion and, therefore, reduce permeate flux. It has been recog-
nized for a long time that concentration polarization is a ma-
jor limiting factor to permeate flux in many RO membrane

Žprocesses Bhattacharyya et al., 1990; Marinas and Urama,
.1996; Bhattacharya and Hwang, 1997 .

When concentration polarization is insignificant, permeate
flux in the RO process can be calculated from membrane
transport models. Many models have been developed for
membrane transport, such as thermodynamic models, a solu-
tion-diffusion model, and a finely porous model. A few excel-
lent review articles about these models are available in the

Žliterature Soltanieh and Gill, 1981; Mason and Lonsdal,
.1990 . One serious drawback of the existing models is that

the parameters in these models are concentration-depend-
ent. A new transport model was developed recently for the
RO membrane in which the parameters are concentration-

Ž .independent Song, 1999 . It has been shown that the new
model can correctly predict permeate flux for any operational
conditions, as long as concentration polarization is insignifi-
cant.

Significant concentration polarization can develop in many
RO processes, especially for filtration of high salt concentra-
tions under high pressures. Because the additional osmotic
pressure that arises from concentration polarization reduces
the effective driving force for water, the flux in such pro-
cesses falls below that predicted with the membrane trans-
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port models.
The development of the concentration polarization layer in

cross-flow filtration is a complex process that is affected by
many factors, such as the configuration of the filtration chan-
nel, shear rate, solute concentration and diffusivity, opera-
tional pressure, and membrane resistance. There are two
particular features for concentration polarization in cross-flow
RO process. First, as a result of solute rejection and accumu-
lation, the concentration polarization layer grows gradually
along the filtration channel. Second, concentration polariza-
tion is coupled with permeate flux. On the one hand, the
development of concentration polarization is induced by a
permeate flux that brings solute to the vicinity of the mem-
brane surface. On the other hand, the development of con-
centration polarization creates an additional resistance layer
to permeate flux. Neither concentration polarization nor per-
meate flux can be determined independently. These two fea-
tures make the investigation of concentration polarization in
the cross-flow RO process one of the most challenging tasks
in this field.

Previous work on concentration polarization in RO process
is briefly reviewed. A new model for concentration polariza-
tion in the cross-flow RO process is developed in which the
local variation of concentration polarization and the coupling
between concentration polarization and permeate flux are
rigorously handled. With an analytical solution, this model
can be conveniently used to predict the local variations of
concentration polarization and permeate flux in a RO chan-
nel. Permeate fluxes in the cross-flow RO process under dif-
ferent operational conditions are simulated and discussed
with the new model.

Previous Work on Concentration Polarization
Concentration polarization in the RO process is a mass-

transfer problem controlled by convection and diffusion of
the solute. Therefore, theories and methods in other mass-
transfer and boundary layer studies are often used in the study

Žof concentration polarization in the RO process Hwang and
.Kammermeyer, 1975; De and Bhattacharya, 1997 . The con-

centration polarization layer is commonly treated as a uni-
Žform layer over the membrane surface Kimura, 1995; Niemi

.and Palosaari, 1993; Marinas and Urama, 1996 so that con-
centration polarization can be related to permeate flux sim-
ply by

c yc ®w p
sexp 1Ž .ž /c yc k0 p

where c is the solute concentration on the membrane sur-w
Ž 3.face, c and c are the solute concentrations molrm in the0 p

feed and the permeate respectively, ® is the average perme-
Ž .ate flux mrs , and k is the solute mass-transfer coefficient

Ž .mrs . k is usually calculated from various correlations be-
tween the Sherwood number Sh, Reynolds number R , ande

ŽSchmidt number S Kimura, 1995; Niemi and Palosaari, 1993;c
.Marinas and Urama, 1996 , which can be generally expressed

as

Shs f R , S 2Ž .Ž .e c

Recently, some interesting findings were reported about the
mass-transfer coefficient for the RO process. Bhattacharya

Ž .and Hwang 1997 showed that the coefficient k was not
strictly equal to Drd . The k approaches to Drd only when
the so-called average modified Peclet number approaches

Ž .zero. De and Bhattacharya 1997 studied the local k along
the filtration channel first. Then, the local mass-transfer co-
efficient was averaged over the entire channel to obtain the
mean mass-transfer coefficient.

Though Eqs. 1 and 2 have been used widely in calculating
permeate fluxes in RO membrane processes, the drawbacks
of this method are obvious. The assumption of a uniform
concentration polarization layer along the filtration channel
is not suitable for the cross-flow RO process, where the con-
centration polarization layer develops gradually along the
filtration channel. Furthermore, the coupling between con-
centration polarization and permeate flux makes it impossi-
ble to calculate the mass-transfer coefficient k indepen-
dently. Any attempt that tries to determine k first and then
use it to calculate permeate flux cannot be justified in princi-
ple.

Ž .Marinas and Urama 1996 considered the local variation
of concentration polarization in their numerical calculation
for permeate flux and salt rejection in a spiral-wound reverse
osmosis element. In their study, the element was divided into
n equal segments. The wall concentration and permeate flux
were assumed to be constant in each segment. The develop-
ment of concentration polarization along the channel was
considered by taking the concentrate of a segment as the feed
to the next one. The local variation of wall concentration and
permeate flux in the cross-flow RO process were also studied

Ž .by Bhattacharyya et al. 1990 with a numerical solution of
the diffusion-convection equation. Though concentration po-
larization and permeate flux in the cross-flow RO process
can be better studied, these numerical methods might not be
very attractive from a designer’s point of view because exten-
sive computational effort is needed.

We may conclude from the above review that the current
theoretical descriptions of concentration polarization in the
cross-flow RO process are rather limited. The assumption of
the uniform concentration polarization layer oversimplifies
the cross-flow RO process. On the other hand, the numerical
methods are unlikely to be widely used because of the exten-
sive computational requirement. A model that is capable of
dealing with the local variation of concentration polarization
and, at the same time, has a closed-form analytical solution
will be most desirable.

Theory Development
Thermodynamic principle of membrane transport

Ž .It was demonstrated recently Song, 1999 that water and
solute transports through RO membranes could be well de-
scribed with the principles of irreversible thermodynamics. In
a RO system without concentration polarization, water flux
can be calculated from

D py nRTrc D pyDp D P0 0
®s s s 3Ž .

R R Rm m m

Ž .where D p is the applied pressure Pa , n is the number of
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Ž .ions in one solute molecule, R is the gas constant Jrmol ?K ,
Ž .T is the absolute temperature K , r is the solute rejection,

c is the feed solute concentration, and R is the membrane0 m
Ž . Ž .resistance Pa ? srm to pure water. Dp s nRTrc is the0 0

osmotic pressure difference between feed and permeate sides
Ž . Ž .of the membrane Pa , and D P sD pyDp is the effective0

Ž .driving force for permeate Pa .
The solute rejection r is a performance variable of the RO

Ž .process that can be determined from Song, 1999

2c V 1 c V D py nRT ln 1y rŽ .w s s s
r s1y q r 4Ž .ž /c S c D py nRTc rVs w sw

Žwhere S is the selectivity of the membrane. The selectivity is
defined as the ratio of the conductivity of water to the con-

.ductivity of solute through the membrane. V and V are thes w
Ž 3 .partial molar volumes m rmol of solute and water, respec-

tively. The solute rejection r can be solved from Eq. 4 by an
Ž .iteration procedure Song, 1999 .

The model Eq. 3 and Eq. 4 were compared with Pusch’s
Ž .RO experimental data Pusch, 1977 . The results showed that

the predicted permeate fluxes agreed with the experimental
observations for low salt concentrations where concentration
polarization was negligible.

In RO processes where concentration polarization is signif-
icantly developed, the additional osmotic pressure arising
from the buildup of the concentration polarization layer has
to be considered. In order to determine the additional os-
motic pressure, the development of concentration polariza-
tion in cross-flow RO filtration needs to be deliberated.

De©elopment of concentration polarization
Concentration polarization is induced by permeate flux,

because the retained solute is brought to the vicinity of the
membrane by permeate flow. On the other hand, the addi-
tional osmotic pressure resulted from the concentration po-
larization layer reduces permeate flux, which in turn reduces
concentration polarization. The interplay between permeate
flux and concentration polarization becomes more complex
in cross-flow filtration where the concentration polarization

Žlayer develops gradually along the filtration channel Song
.and Elimelech, 1995; Elimelech and Bhattacharjee, 1998 . An

intrinsic relationship between concentration polarization and
permeate flow in cross-flow filtration is developed below.

In order to simplify notation and to facilitate derivation,
Žthe concentration of retained solute C is used below. The

actual solute concentration in the polarization layer is c qC,0
.with c being the feed solute concentration. At steady state,0

the concentration of retained solute in the concentration po-
Žlarization layer satisfies the following equation Song and

.Elimelech, 1995

dC
® x Cq D s0 5Ž . Ž .

dy

where x and y are the longitudinal and transverse coordi-
Ž . Ž .nates m , respectively, ® x is the permeate flux at x, and D

Ž 2 .is the solute diffusion coefficient m rs . The direction of
permeate flux here is defined as from the bulk to the mem-

Ž .brane, so that ® x is always positive. Since Eq. 5 is a mass
balance relationship for the ‘‘retained solute,’’ it is always
correct regardless that the solute is completely or partially
rejected by the membrane.

Because of steady state, the longitudinal solute flux at any
point x along the channel is equal to the total amount of
solute rejected by the membrane from the inlet to the loca-

Ž .tion x, that is Song, 1998

` x
X Xg yCdys rc ® x dx 6Ž . Ž .H H0

0 0

Ž y1. Xwhere g is the shear rate s , and x is the dummy integra-
tion variable. Equation 6 will be true as long as the steady
state is reached and the rejection r does not change with
location.

The solution of Eq. 5 can be written as

Cs Aeyw®Ž x .rD x y 7Ž .

where A is an integration constant to be determined. From
Eqs. 6 and 7, we have

rc x0 2 X XAs ® x ® x dx 8Ž . Ž . Ž .H2D g 0

Substituting Eq. 8 for A in Eq. 7 yields

rc x0 2 X X yw ®Ž x .rD x yCs ® x ® x dx e 9Ž . Ž . Ž .H2D g 0

Let ys0 in Eq. 9, one obtains the wall concentration

rc x0 2 X XC s ® x ® x dx 10Ž . Ž . Ž .Hw 2D g 0

or

C r xw 2 X Xs ® x ® x dx 11Ž . Ž . Ž .H2c D g 00

Equation 11 is a fundamental relationship between concen-
tration polarization and permeate flux in the cross-flow RO
process. This equation indicates that the magnitude of con-
centration polarization is affected by salt rejection, diffusion
coefficient, shear rate, and, more importantly, permeate flux.

Osmotic pressure
Additional osmotic pressure can arise on the feed side of

the membrane due to concentration polarization. The os-
motic pressure of a solution of several electrolytes can be
calculated with

p sfRT n c 12Ž .Ý i iž /
i

Ž .where p is the osmotic pressure Pa , n is the number ofi
ions in electrolyte i, c is the concentration of the electrolytei
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i, and f is the osmotic coefficient. The osmotic coefficient is
a function of electrolyte concentration, and it approaches
unity for infinitely dilute solutions. The value of f for single
and multicomponent electrolyte solutions can be determined

Žfrom experiments or calculated using Pitzer equations Pitzer,
.1974, 1979 .

For solutions of single electrolyte, one has

p s nfRTc 13Ž .

From Eq. 10 and Eq. 13, the additional osmotic pressure,
Ž .Dp Pa due to concentration polarization is determined asa

Dp s nfRT cyc s nfRTCŽ .a 0

nfRTrc x0 2 X Xs ® x ® x dx 14Ž . Ž . Ž .H2D g 0

General equation for cross-flow RO process
When concentration polarization is significantly developed,

the driving force for water through the membrane becomes
D P yDp . Therefore, the transport equation for permeatea
flux through the RO membrane needs to be modified from
Eq. 3 to

D P yDpa
® x s 15Ž . Ž .

Rm

Substituting Eq. 14 for Dp in Eq. 15 and rearranging thea
result in the general equation for the permeate flux in the
cross-flow RO process

nfRTrc x0 2 X X
D P s R ® x q ® x ® x dx 16Ž . Ž . Ž . Ž .Hm 2D g 0

Equation 16 can be substantially simplified by rewriting in
a dimensionless form. For this purpose, the following dimen-
sionless quantities are introduced

D P
D F s 17Ž .

Dp 0

1r3L
V s ® 18Ž .2ž /D g

x
X s 19Ž .

L

Ž .where L is the length m of the filtration channel. Replacing
the original variables in Eq. 16 with the dimensionless quan-
tities and rearranging yield

1r32R D g Xm X2D F s V qV VdX 20Ž .Hž /Dp L 00

The term in the square bracket is a dimensionless parame-
ter that fully characterizes the cross-flow RO process. Let us

denote this dimensionless parameter by N , that iss

1r32R D gm
N s 21Ž .s ž /Dp L0

Equation 20 becomes

X X2D F s N V qV VdX 22Ž .Hs
0

N is the only parameter in Eq. 22. Comparing Eq. 22 withs
Eq. 16, it can be found that N is the membrane resistance ins
dimensionless form. The relationship between the permeate
flux V and the driving force D F will be defined as long as Ns
is given.

Analytical solution for permeate flux
An analytical solution of Eq. 22 can be obtained with a

Ž .procedure developed before Song and Elimelech, 1995 . The
solution procedure is briefly described below.

The integral in Eq. 20 vanishes at X s0, and, therefore,
we have

D F
V 0 s 23Ž . Ž .

Ns

For X /0, it can be shown that the permeate flux satisfies
the following differential equation

dV V 4

s 24Ž .
dX N V y2D Fs

Integrating Eq. 24 with Eq. 23 as a boundary condition re-
sults in

3N 6 X Ns s3q V q3 V y4s0 25Ž .ž /D F D F D F

Ž .The local permeate velocity V X in the cross-flow RO chan-
nel can be found from Eq. 25 as

D FrNs
V X sŽ . 1r32 31q6D F XrNŽ .s

1r31r21
= q4 q22 3½ 5¦ 1q6D F XrNŽ .s

1r31r21
y q4 y2 26Ž .2 3½ 5 ;1q6D F XrNŽ .s

The average flux of the RO process V is then determined
as

D F N1 s
V s V X dX s 1y V 1 27Ž . Ž . Ž .H 2 D F0 V 1Ž .
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Ž .With Eq. 18, the local flux V X and the average flux V can
Ž .be transformed back to dimensional form ® x and ®.

The wall concentration of the retained solute is related to
the local permeate flux by

D P y R ® xŽ .m
C x s 28Ž . Ž .w nfRTr

The polarization index I can be expressed as

c x c qC x D P y R ® xŽ . Ž . Ž .w 0 w m
Is s s1q

c c Dp0 0 0

D py R ® xŽ .m
s 29Ž .

Dp 0

Simulations and Discussion
In this section, the local variations of permeate flux and

polarization index along the filtration channel are first
demonstrated to justify the effort made in this article over
the simple assumption of a uniform concentration polar-
ization layer. Then, the effects of various parameters on per-
meate flux in the cross-flow RO process are simulated and
discussed with the newly developed theory. In the discus-
sions, solutions of a single univalent electrolyte NaCl are re-
ferred to. Complete salt rejection is assumed for membranes
with constant pressures. When the effect of pressure on per-
meate flux is investigated, the rejection itself is a function of
pressure that is determined with Eq. 4. The osmotic coeffi-
cient f is assumed to be unity throughout this section.

Figure 1. Variations of local permeate fluxes along
a cross-flow RO channel for different feed
concentrations of sodium chloride solutions.
Parameters used in the simulations are: D P s 3.0=107 Pa;
R s 5.0=1011 Pa ? srm; g s1,000 sy1; Ls1.0 m; T s 298m
K.

Local ©ariation of permeate flux and polarization index
The concentration polarization layer is treated as a uni-

form layer along the cross-flow RO filtration channel in pre-
vious models. The validity of this treatment is checked with
the new theory developed in this article. Figure 1 gives the
local permeate fluxes along the channel for different feed
concentrations in a cross-flow RO process. It can be seen
that the fluxes for all feed concentrations decrease along the
channel, even for the feed concentration as low as 0.03 M. It
suggests that the local variations of concentration polariza-
tion have to be considered in most RO processes in order to
obtain accurate predictions of the permeate fluxes. Figure 1
also shows that the fluxes drop faster in the initial segment of
the channel and the declining rates become smaller down-
stream along the filtration channel. This observation tells us
that the concentration polarization layer develops quickly in
the channel. After the concentration polarization layer has
significantly developed, it reduces permeate flux and, as a
result, the further development of concentration polarization
will become slower. Comparing the local variations of the
fluxes for different feed concentrations, we can find that the
concentration polarization layer is more significant for high
feed concentrations. The reason is that a larger amount of
salt is available for the development of the concentration po-
larization layer when the feed concentration is higher.

wWall concentration or the equivalent polarization index
Ž .xc rc , is an important indicator of RO process operationw 0
because some sparing soluble solutes, such as calcium sulfate
and carbonate, may precipitate under high concentration po-

Ž .larization. The local polarization indexes c rc along thew 0
channel for the same conditions as in Figure 1 are predicted
and shown in Figure 2. From Figure 2, we can see that the

Figure 2. Variations of concentration polarization
( )factors c /////c along a cross-floww 0

RO channel for different feed concentrations
of sodium chloride solutions.
Parameters used in the simulations are: D P s 3.0=107 Pa;
R s 5.0=1011 Pa ? srm; g s1,000 sy1; Ls1.0 m; T s 298m
K.
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Figure 3. Effect of shear rate on average permeate
fluxes of a cross-flow RO process for different
feed concentrations of sodium chloride
solutions.
Parameters used in the simulations are: D P s 3.0=107 Pa;
R s 5.0=1011 Pa ? srm; Ls1.0 m; T s 298 K.m

wall concentrations increase along the flow channel and reach
their maximum value at the end of the channel. A similar

Ž .result was obtained by Bhattacharyya et al. 1990 with a nu-
merical solution of the convection-diffusion equation. It is
also observed in Figure 2 that the polarization index is
strongly affected by the feed salt concentration. Higher feed
concentration tends to induce more significant concentration
polarization.

Concentration polarization layer in the cross-flow reverse
osmosis process is characterized by significant local variation.
The assumption of a uniform concentration polarization layer
oversimplifies the cross-flow reverse osmosis process and
should not be used.

Effect of shear rate on the a©erage flux
Feed flow rate is another important operating parameter

in the cross-flow RO process. Permeate flux increases with
increasing feed flow rate because of the depression of the
concentration polarization layer. On the other hand, energy
consumption also increases for higher feed flow rate due to
the reduced recovery rate of the system. A better under-
standing of the effect of shear rate on the average permeate
flux of a RO system can help us to run the system more effi-
ciently. As a demonstration, simulations of the average fluxes
as functions of shear rate for different feed concentrations
are plotted in Figure 3. From this figure, we can see that the
average fluxes generally increase with increasing shear rate.
The increments of the average fluxes become smaller as the
shear rate increases.

The effect of shear rate on the average flux is strongly af-
fected by feed concentration. The rise of shear rate can re-
sult in substantial increase of permeate production for high
feed concentrations, but it might only have a marginal effect

( )Figure 4. Effect of applied pressure on a permeate
( )fluxes and b salt rejections in a cross-flow

RO process with membrane selectivity S=10.
Other parameters used in the simulations are: R s 5.0=m
1011 Pa ? srm; g s1,000 sy1; Ls1.0 m; T s 298 K.

on permeate flux for processes with feeds of very low concen-
trations. As shown in Figure 3, when the feed concentration
is 0.03 M, the average permeate flux almost reaches its maxi-
mum value at a shear rate as flow as 1,000 sy1. Further in-
crease in shear rate beyond 1,000 sy1 does not have any no-
table effect on permeate flux. On the other hand, the average
flux for feed concentration of 3.00 M increases in the whole
range of shear rate shown in this figure.

Effect of pressure on the a©erage flux
The dependence of permeate flux on pressure is much more

complicated than on other parameters, such as shear rate and
feed concentration. The complexity mostly comes from the
variation of salt rejection with pressure. Therefore, in the in-
vestigation of the effect of pressure on the average permeate
flux, the salt rejection at every pressure needs to be deter-
mined first. Equation 4 can be used to calculate salt rejection
for a given membrane under any pressure when the selectiv-
ity S of the membrane is known.

The average permeate fluxes for different feed concentra-
tions are simulated for a membrane with Ss10 and plotted
Ž .solid lines in Figure 4a as functions of applied pressure
Ž .D p . Also in Figure 4a are fluxes without considering con-

Ž .centration polarization dotted lines . Corresponding salt re-
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( )Figure 5. Effect of applied pressure on a permeate
( )fluxes and b salt rejections in a cross-flow

RO process with membrane selectivity S=
100.
Other parameters used in the simulations are: R s 5.0=m
1011 Pa ? srm; g s1,000 sy1; Ls1.0 m; T s 298 K.

jections are given in Figure 4b. It is seen from Figure 4a that
there are no differences between the two groups of fluxes
Ž .with and without considering concentration polarization un-
der low pressures. This observation shows that concentration
polarization is insignificant at low pressures and the flux
curves is mainly determined by the membrane transport

Ž .properties Song, 1999 . At high pressures, permeate fluxes
increase linearly with pressure when concentration polariza-

Ž .tion is not considered as shown with the dotted lines . The
permeate fluxes under the influence of concentration polar-
ization increase with pressure much slower than these with-
out considering concentration polarization, especially for so-
lutions of high salt concentrations.

Simulations of permeate fluxes under similar conditions are
also conducted for other two membranes with Ss100 and
104, respectively. The results are plotted with corresponding
salt rejections in Figures 5 and 6. Figure 5a shows similar
dependence of fluxes on pressure but with lower fluxes for
high feed concentrations. The lower fluxes are due to the
larger amount of salt rejected by the membrane with higher
selectivity. The resultant additional osmotic pressure then
further reduces the effective driving force. Figures 6a and 6b
show different pattern of fluxes and rejections for membrane
with very high selectivity from those of low selectivity. The
rejections increase almost linearly from 0 to 1 as pressure D p

( )Figure 6. Effect of applied pressure on a permeate
( )fluxes and b salt rejections in a cross-flow

RO process with membrane selectivity S=
104.
Other parameters used in the simulations are: R s 5.0=m
1011 Pa ? srm; g s1,000 sy1; Ls1.0 m; T s 298 K.

Ž .increases from 0 to p s nRTc . The permeate fluxes are0 0
practically zero for applied pressures smaller than the os-
motic pressure of the solutions. There are appreciable per-
meate fluxes only when the applied pressures are larger than
the solution osmotic pressures. The downward curvature of
the flux lines in Figure 6a shows the effect of concentration
polarization on the fluxes.

Conclusion
In the cross-flow RO process, concentration polarization

develops gradually along the filtration channel as a result of
the accumulation of the retained solute. Concentration polar-
ization and its effect on permeate flux in the cross-flow RO
process can be better understood and modeled when this lo-
cal variation of the concentration polarization layer is prop-
erly considered.

The coupling between concentration polarization and per-
meate flux makes it very difficult to investigate concentration
polarization or permeate flux separately. The theoretical ef-
fort in decoupling between flux and concentration polariza-
tion has long been unsatisfactory. A new attempt to solve this
coupling has been made in this study. One important result
of this decoupling is the dimensionless general equation for
the cross-flow RO process. In this equation, the properties of
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RO processes are characterized with a single dimensionless
parameter N . When N is known, the relationship betweens s
permeate flux and applied pressure can be given in a closed-
form analytical solution.

As demonstrated, the local permeate flux and polarization
factor, the effect of various parameters on the average flux,
and the relationship between permeate flux and applied
pressure can be conveniently investigated with the new model.
This model will find even more applications in process de-
sign, operation optimization, and fouling control.

Notation
cssolute concentration, molrm3

c sconcentration of electrolyte i, molrm3
i

c s wall solute concentration, molrm3
w
Csconcentration of the retained solute, molrm3

C s wall concentration of the retained solute, molrm3
w

w Ž .x® or ® x s local permeate flux, mrs
Xsdimensionless distance from the entrance section, de-

fined by Eq. 19

Literature Cited
Bhattacharya, S., and S. T. Hwang, ‘‘Concentration Polarization,

Separation Factor, and Peclet Number in Membrane Processes,’’ J.
Ž .Memb. Sci., 132, 73 1997 .

Bhattacharyya, D., S. L. Back, and R. I. Kermode, ‘‘Prediction of
Concentration Polarization and Flux Behavior in Reverse Osmosis

Ž .by Numerical Analysis,’’ J. Memb. Sci., 48, 231 1990 .
De, S., and P. K. Bhattacharya, ‘‘Prediction of Mass-Transfer Coeffi-

cient with Suction in the Applications of Reverse Osmosis and Ul-
Ž .trafiltration,’’ J. Memb. Sci., 128, 119 1997 .

Elimelech, M., and S. Bhattacharjee, ‘‘A Novel-Approach for Model-
ing Concentration Polarization in Cross-Flow Membrane Filtration
Based on the Equivalence of Osmotic-Pressure Model and Filtra-

Ž .tion Theory,’’ J. Memb. Sci., 145, 223 1998 .

Hwang, S. T., and K. Kammermeyer, Membrane in Separations, Wi-
Ž .ley, New York, pp. 343]368 1975 .

Kimura, S., ‘‘Analysis of Reverse Osmosis Membrane Behaviors in a
Ž .Long-Term Verification Test,’’ Desalination, 100, 77 1995 .

Marinas, B. J., and R. I. Urama, ‘‘Modeling Concentration-Polariza-
tion in Reverse Osmosis Spiral-Wound Elements,’’ J. En®. Eng.

Ž .ASCE, 4, 292 1996 .
Mason, E. A., and H. K. Lonsdal, ‘‘Statistical-Mechanical Theory of

Ž .Membrane Transport,’’ J. Memb. Sci., 51, 1 1990 .
Niemi, H., and S. Palosaari, ‘‘Calculation of Permeate Flux and

Rejection in Simulation of Ultrafiltration and Reverse Osmosis
Ž .Processes,’’ J. Memb. Sci., 84, 123 1993 .

Pitzer, K. S., ‘‘Activity Coefficients in Electrolyte Solutions,’’ Theory:
Ion Interaction Approach, Vol. 1, Ricardo M. Pytkowicz, ed., CRC

Ž .Press, Boca Raton, FL 1979 .
Pitzer, K. S., and G. Mayorga, ‘‘Thermodynamics of Electrolytes: III.

Activity and Osmotic Coefficients for Mixed Electrolytes,’’ J. Solu-
Ž .tion Chem., 3, 539 1974 .

Potts, D. E., R. C. Ahlert, and S. S. Wang, ‘‘A Critical Review of
Ž .Fouling of Reverse Osmosis,’’ Desalination, 36, 235 1981 .

Pusch, W., ‘‘Determination of Transport Parameters of Synthetic
Membrane by Hyperfiltration Experiments: II. Membrane Trans-
port Parameters Independent of Pressure andror Pressure Differ-

Ž . Ž .ence,’’ Ber. Bunsenges. Phys. Chem., 81 9 , 854 1977 .
Soltanieh, M., and W. N. Gill, ‘‘Review of Reverse Osmosis Mem-

branes and Transport Models,’’ Chem. Eng. Commun., 12, 279
Ž .1981 .

Song, L., ‘‘Thermodynamic Modeling of Solute Transport Through
Reverse Osmosis Membrane,’’ Chem. Eng. Commun., in press
Ž .1999 .

Song, L., ‘‘A New Model for the Calculation of the Limiting Flux in
Ž .Ultrafiltration,’’ J. Memb. Sci., 144, 173 1998 .

Song, L., and M. Elimelech, ‘‘Theory of Concentration Polarization
Ž .in Crossflow Filtration,’’ J. Chem. Soc. Faraday Trans., 91 19 , 3389

Ž .1995 .
Weber, W. J., Physicochemical Processes for Water Quality Control,

Ž .Wiley, New York 1972 .

Manuscript recei®ed No®. 23, 1998, and re®ision recei®ed Mar. 1, 1999.

May 1999 Vol. 45, No. 5 AIChE Journal928


